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is taken to reflect or imply an optimizing process, then one must seriously consider if
such a process provides a psychologically plausible and computationally tractable
solution to the problem. This is why we view theories that consider optimization as a
viable process level concept as often involving questionable idealizations that are
likely to obscure the essence of the problem. Yet, on the other hand, all processes are
optimal given a sufficiently contrived and narrow processing context.

The study of algorithms is often the study of approximating methods. Artificial
intelligence, for example, usually concerns itself with the study of problems for which
the optimal solution is either intractable or uncomputable (Simon, 1956; Reddy,
1988; Russell & Norvig, 1995). For the problem of inductive inference, ideal forms of
rational calculation are uncomputable (Solomonoff, 1964; Li & Vitdnyi, 1997; Hutter,
2005). In more restricted and realistic settings, inductive inference using Bayesian
belief networks can quickly become intractable even when one relaxes the objective to
approximate Bayesian reasoning (Cooper, 1990; Roth, 1995; Dagum & Luby, 1993).
Statistical machine learning, which provides a significant source of insight and moti-
vation for those examining probabilistic cognition, is chiefly the study of approxima-
tion and, as Bishop (2006) points out, ‘for many models of practical interest, it will be
infeasible to evaluate the posterior distribution or indeed compute expectations with
respect to this distribution’ (p. 461) and ‘in such situations, we need to resort to
approximation schemes’ (p. 462). Thus, even when the inference problem is reduced
to quite restricted settings, tractable algorithms capable of yielding optimal rational
outcomes remain illusive. Identifying the optimal solution for a specific problem by
analytic means is often beyond reach, a task, which is significantly less tricky than
specifying a tractable algorithm capable of arriving at the optimal solution for such
problems in general.

Dealing with error: the bias/variance dilemma

How can a functional model suggest certain kinds of mechanisms and not others? In
order to help the induction problem—the problem of identifying process level theo-
ries which can explain the adaptive success of the cognitive system—assumptions
about the algorithmic level are required. In order to provide traction on the induction
problem, how theory-specific do these assumptions have to be? Rather than making
specific assumptions about the algorithmic layer, the issue we turn to now points to
how quite a general formalization of the processing problem can be used to narrow
down the kinds of process capable of approaching the significant performance
requirements set by rational analyses of cognition.

The assumptions we start with are very general ones concerning the anatomy of
inductive processes, and how they can be viewed as performing search over a model
class. In this setting, the statistical problem of the bias/variance dilemma can then be
used to narrow down the kinds of search procedures and model classes that will be
successful in certain contexts (Geman et al., 1992). Ultimately, we will argue that the
contexts of interest in cognition, where good performance from sparse data appears
to be a hallmark, point to the reduction of variance, or equivalently, the objective of
imposing stability on the learning map, as fundamental problems to be overcome by
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cognitive processes. Simple heuristics, the processing model on which our research
program is based, will ultimately be shown to address this objective. By framing the
problem in terms of the bias/variance dilemma, bounded rationality can be given a
statistical interpretation and justification, which has previously been lacking
(Brighton, 2007).

The anatomy of an inductive process

All inductive processes can be formalized as maps from sequences of observations to
hypotheses drawn from a hypothesis space. An observation is a pair composed of an
input and an output. A particular environment can be thought as a joint probability
distribution on an observation space, such that the combination of the two determine
how likely each observation will be. We will sometimes refer to this environmental
setting in terms of a target function, where the target function defines the form of rela-
tionship between inputs and outputs occurring in the environment. The task of the
learning algorithm is to process sequences of observations in order to induce a
hypothesis. The hypothesis space of the algorithm can also be viewed as a model class.
A model is simply a parameterized family of hypotheses, were each hypothesis is a
fully specified conditional probability distribution. A model class represents the set of
models that the algorithm induces over.

Function and the bias/variance dilemma

Organisms process sequences of observations, samples of the target functions govern-
ing the environment. Inductive inference is the task of identifying the systems of reg-
ularity that govern this environment, given only these samples. An organism well
adapted to this task should not be judged solely on its ability to perform well on a sin-
gle sample. For example, the Bayes optimal classifier—as a process—is optimal only
in the sense that it optimal on average. Other processes will outperform it if the sam-
pling assumptions are violated. When estimating the mean predictive accuracy over
many samples of the target function, the mean error of the algorithm can always be
decomposed into three terms:

Error = Irreducible Error + Bias + Variance. * (1)

Irreducible error is noise, and sets an upper bound on the achievable predictive accu-
racy. The remaining error can be decomposed and controlled through the design of
the learning algorithm. This decomposition results in two terms, bias and variance
(see Geman et al., 1992, Bishop, 1995, and Hastie et al., 2001 for derivations and fur-
ther discussion). Across samples, bias is the difference between the mean predictions
of the algorithm and the target function. Variance is the expected squared deviation
about this mean, and arises because different hypotheses are likely to be induced for
different samples of the target function.

The bias/variance dilemma.

The potential for an algorithm to achieve low bias will depend on how well it can
approximate the underlying target function. General purpose processing methods,
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such as the nearest neighbor classifier and decision tree inductive algorithms, excel at
achieving low bias by inducing over model classes with little, if any, restrictions on the
functional form of the models. Consequently, a serious problem stands in the way of
these methods, and nonparametric! methods in general, as being adequate process
models of inductive inference. When the training sample is small, in the sense that it
provides sparse coverage of the observation space, there is likely to be a potentially
significant variance component to the error. Generally speaking, the smaller the size
of the training sample, the higher the variance.

To combat the problem of high variance, restrictions on the model class are needed
in order to impose stability on the learning map. But clearly, by restricting the model
class the method will then suffer from high bias for certain classes of target function.
To achieve accurate predictions across samples requires that a process must strike a
good balance between reducing bias and reducing variance. Whether or not a process
achieves a good balance depends entirely on context. Without stating the class of tar-
get functions likely to be encountered, practically nothing can be said about how well
a process will achieve this balance when data are limited. This problem is known as
the bias/variance dilemma (Geman et al., 1992). All inductive processes can be
thought of as making a bet, not only on what kinds of target function the environ-
ment will present, but also the likely degree of exposure to these target functions.

Sparse exposure and the context of induction

When functioning in a natural environment, the bias/variance dilemma will pose a
significant problem for the organism: complete exposure to the systems of regularity
occurring in the environment is typically not possible, observations are limited and
often costly, and inductive inference is most pressing when there is a need to general-
ize to unseen cases. Indeed, the remarkable effectiveness of the cognitive system is
seen as remarkable precisely because good inferences appear to be made despite
sparse exposure to the underlying regularities (Tenenbaum et al., 2006; Griffiths &
Tenenbaum, 2006b, p. 130).

Importantly, the notion of the bias/variance dilemma was originally motivated by
the need to account for these phenomena, and align mechanistic accounts with stud-
ies of cognition which propose that ‘the brain is a proof of existence of near-optimal
methods that do not require prohibitively large training samples’ (Geman et al., 1992,
p- 46). The chief conclusion arising from this work is that, from a processing perspec-
tive, ‘off the shelf’ nonparametric methods such as feed-forward neural networks,
nearest neighbor methods, and decision tree induction algorithms, fail as adequate
responses to the bias/variance dilemma when data are limited. Without customiza-
tion, they induce over ostensibly unrestricted model classes, a perspective which
‘teaches us all too little about how to solve difficult practical problems’ and ‘does not

' Nonparametric methods are those which make minimal assumptions about the functional
form of the data generating model (Geman et al., 1992; Bishop, 2006).
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help us out of the bias/variance dilemma for finite-size training sets.” (Geman et al.,
1992, p. 45).

The bias/variance dilemma implies that general purpose learning, in natural con-
texts of sparse exposure, is unachievable in any meaningful sense because tractable
processes will suffer from error, and the degree of error is likely to vary significantly
depending on the content and size of the training sample. Furthermore, it narrows
down the kinds of processing strategies capable of meeting levels of performance sug-
gested by rational analyses, and stresses the need to understand the context of induc-
tion. More generally, as soon as an organism makes inferences from impoverished
data, the variance component of error becomes critical, and one must, to one degree
or another, abandon the objective of nonparametric inference. The substantive ques-
tion now is how this can be done.

Ecologically rational processing

A decomposition of the inference task, and the cognitive system more generally, is
often viewed as necessary on grounds of computational tractability (Barrett &
Kurzban, 2006; Samuels, 2005) and biological plausibility (Gallistel, 2000). For
instance, skepticism toward the tractability of global Bayesian updating can be par-
tially alleviated by updating on a within module basis, leading to the idea that one can
‘jettison the goal of being globally Bayesian and instead assume only that each module
is Bayesian itself” (Kruschke, 2006, p. 681). But once the black box is opened, on what
basis should its contents be organized? For the problem of inductive inference, the
bias/variance dilemma suggests that processes induce over constrained model classes
in order to impose stability on the learning map, and hence reduce variance.
Therefore, decomposition is not merely driven by issues of tractability, but is perhaps
more fundamentally driven by issues of function.

We now attempt to tie together the general form of the relationship between func-
tional level analyses, simple heuristics, and the bias/variance dilemma in order to say
something about an alignment between ecological focus and processing simplicity.
Our hypothesis is that constraints on cognitive processing can align a process with the
structure of the environment. An extreme, but nevertheless entirely plausible conse-
quence of this hypothesis is that conducting less processing is just as likely to reduce
variance than conducting more processing. This explains why heuristics ‘work’,
adding a statistical interpretation for why the mind might ‘operate via a set of heuris-
tic tricks, rather than explicit probabilistic computations’ (Chater ez al., 2006a, p. 290).
Our objective now is to say something about how the retreat from the objective of
general purpose nonparametric inference can proceed and be given cognitive-ecological
guidance.

Simple heuristics for the bias/variance dilemma

To flesh out our argument we will briefly examine the simple heuristic Take The Best
(Gigerenzer & Goldstein, 1996) but frame it in different terms than previously used
(see Brighton, 2007, for details). Take The Best is a cognitive process model for mak-
ing inductive inference on the paired comparison task, where the problem is to rank
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two objects on their unobserved criterion values. This is a specific form of supervised
concept learning. Training observations are pairs of objects, along with feedback on
which object scores higher on the criterion. In an induction phase, Take The Best
orders the cues by their validity. In the decision phase, it searches for the first cue in
the order that discriminates between the two objects, and uses this cue alone to make
a prediction. Validity is naive measurement of a single cue, and simply captures the
accuracy of the inferences made by this cue alone when inferring the rank of objects.
By referring to Take The Best as simple, we are referring to the fact that it ignores con-
ditional dependencies between cues when selecting a hypothesis, and does not weigh
and add cues when making inferences.

The performance and analysis of take the best.

Take The Best often outperforms linear regression models and other simple heuristics
over a wide range of environmental contexts (Czerlinski et al., 1999). Using a more
reliable model selection criterion than that used by Chater et al. (2003), Brighton
(2007) shows, contrary to their findings, that Take The Best frequently outperforms a
range of neural network, decision tree induction, and exemplar models. In short, Take
The Best provides a good illustration of how performing less processing can lead to
improved performance in natural environments. Understanding the environmental
conditions under which Take The Best, and other simple heuristics, can outperform
more computationally intensive methods is the next question.

When viewed in terms of bias/variance dilemma previous work focusing on this
question can be seen as identifying conditions for low bias. Conditions for low bias tell
us when an algorithm has the ability to closely approximate the target function given
a large enough training sample. For example, the non-compensatory environments,
those which have rapid decay in cue validities, point to the cases when Take The Best will
perform as well as a linear model (Martignon & Hoffrage, 1999, 2002; Katsikopoulos &
Martignon, 2006). But matching the performance of another linear model under
these conditions is only guaranteed when there is a sufficiently large training sample
to saturate the observation space and, crucially, such arguments offer no explanation
for the fact that Take The Best can outperform a number of linear and nonlinear models.
In short, previous analyses of when and why simple heuristics perform well do not
consider the very statistical property which confers the performance advantage
(Brighton, 2007).

Context sensitive induction.

To frame the performance of Take The Best in terms of the bias/variance dilemma, we
will consider two further processing models, and two environments which will elicit
drastically different relative performance between the models. The first (natural)
environment is the often-studied German city environment (Gigerenzer & Goldstein,
1996; Chater et al., 2003). The second (synthetic) environment is an instance of
the more general class of non-compensatory environments, where cue validities
decrease rapidly as a function of their rank (Martignon & Hoffrage, 1999, 2002). The
two further models we consider are the well known decision tree induction algorithm
CART (Breiman, Friedman, Olshen, & Stone, 1994), and a variant of Take The Best
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(labeled here as TTB.CV) which carries out the additional computations required to
assess conditional dependencies between cues, and then ranks cues by conditional

validity (Martignon & Hoffrage, 1999).

These two methods reflect two useful points for comparison. First, the model class
of Take The Best is nested with respect to the model class of CART, since Take The
Best is itself a decision tree induction algorithm, inducing trees with restricted func-
tion form. Second, the model class of Take The Best is identical to that of TTB.CV.
The two methods differ only in how they perform search in order to select the cue
order. Now, Figure 9.1(a) plots the predictive accuracy of Take The Best and these two
models as a function of sample size for the German city population environment.
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Fig. 9.1. A model comparison of Take The Best (labeled TTB), CART, and a variant of
Take The Best which orders cues by conditional validity (labeled TTB.CV). Plot (a) com-
pares the predictive accuracy of the models as function of sample size for the German
city population task. Plot (b) compares the models in a synthetic non-compensatory
environment. Plots (c) and (d) shows the average Levenschtein distance between
induced cue orders as a function of sample size. Cue order stability predicts predictive

accuracy very closely.
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Predictive accuracy is estimated using cross-validation. Take The Best significantly
outperforms both methods across the majority of sample sizes. Second, Figure 9.1(b)
shows the same comparison for the non-compensatory environment. Now the other
methods outperform Take The Best across the majority of sample sizes. These two
environments illustrate how the performance of the process is determined not only by
the environment, but also the size of the learning sample. Why is this?

Using search to control variance and stability.

When considering the contribution of bias and variance, Take The Best will tend to
outperform a model with a richer models class, such as CART, as a result of reducing
variance, since any function Take The Best can approximate, CART can too. But Take The
Best is also able to outperform TTB.CV, which has an identical model class. This point
illustrates that controlling variance is not simply a matter of placing restrictions on the
model class, but can also arise as a consequence of restricting search (Mitchell, 1982;
Domingos, 1999). To illustrate the point, the structural stability of the cue orders
induced by Take The Best and TTB.CV can be measured directly, and their dependence
on sample size and connection to accuracy clarified. For the German city population
environment, Figure 9.1(c) shows how the structural stability of the cues orders—here
measured as the mean Levenshtein (1966) distance? between induced cue orders—
predicts almost exactly the relative difference in predictive accuracy of Take The Best
and TTB.CV. Notice how CART and TTB.CV perform almost identically.

Figure 9.1(d) shows the same comparison for the non-compensatory environment.
Again, stability reflects predictive accuracy: Take The Best performs well to the extent
that it imposes stability on the learning map, and hence reduces variance (Turney,
1995; Poggio et al., 2004). One way of thinking about the sensitivity of a cognitive
process to the contents of particular samples of the environment is to view this insta-
bility as reflecting a failure to ignore accidental, unsystematic, and therefore unpredic-
tive regularities. If a process ignores these accidental regularities and truly focuses on
systematic ones, then differences in the content of samples of the target function
should not matter too much. Crucially, the determining factor in imposing stability is
not the model class itself, but how search is conducted over the model class. By per-
forming less processing and ignoring conditional dependencies between cues, the
ecological focus on the ability to achieve stability can be shifted from the synthetic
non-compensatory environment (where TTB.CV excels) to the natural German city
population environment (where Take The Best excels).

The implications of the bias/variance dilemma
for processes and priors

When the variance component of error is the major source of error, the relation-
ship between the properties of the process and the environment is not so clear. In this

2 Levenshtein distance is the minimum number of additions, deletions, and substitutions
required to transform one string into another. By interpreting cue indices as symbols,
Levenshtein distance provides a distance measure between any two cue orders.
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situation, assumptions made on the part of the process and their relationship to the
structure of the environment can have a strong positive impact on performance,
despite a clear mismatch between the two. For instance, many years of sustained interest
in the naive Bayes classifier is due to the fact that it can perform surprisingly well
despite the assumptions made during processing being explicitly violated by the
underlying target function (Domingos & Pazzani, 1997; Friedman, 1997; Kuncheva,
2006). With respect to a given process, findings such as these indicate that environ-
mental conditions for low bias can be orthogonal to the conditions for low variance.

From a probabilistic perspective, given full knowledge of the regularities and proba-
bilities governing the environment, and therefore a good model of the hypothesis space
and the prior, Bayes optimal inference defines the rational outcome. On accepting that
a tractable mechanistic instantiation of this process will be approximate, the variance
component of error enters the picture and must be controlled in order to approach
rational outcomes. Or, from an MDL perspective, the model in the model class, which
reduces the stochastic complexity of the observed data to the greatest extent is the
rational choice (Rissanen, 1997; Griinwald, 2005). Given that an exhaustive search
through the model class will be infeasible, the use of heuristic search in order to
approximate this choice is required. Again, a tractable mechanistic instantiation of the
rational process will lead to variance when the performance of the process is measured
for different samples of the target function (e.g., the mean compression rate).

For the organism, variance about this mean is important. It reflects the sensitivity
of the inductive process to the particular contents of the samples. As soon as approxi-
mation is the name of the game, the bias/variance dilemma has to be tackled. The
greater the sparsity of exposure to the environment, the more critical this problem
becomes. And, this is clearly a statistical problem contributing to the functional success
of the organism, since the inductive performance of the organism should not be highly
sensitive to different potential encounters (different samples) of the environment. Given
that processes are approximate, and not optimal, a significant part of the essence of
inductive inference arises due to the realities of resource bounded computation
(Simon, 1996). On this view, the issue of cognitive limitations, and how they may
serve a functional role by helping to reduce variance, becomes a significant source of
further questions. If the rational analysis of cognition and the associated development
of the probabilistic view on cognition are to be reconciled with mechanistic accounts,
then these issues need to be confronted.

For example, does the bias/variance dilemma imply that for different likely degrees
of exposure to the environment, different hypothesis spaces and priors are required to
control variance? Thus, on asking where the priors come from, does the bias/variance
dilemma play a role? Furthermore, if an analysis of the structure of the environment
can only be loosely connected to the assumptions required on the part of the process,
does this represent a barrier to reconciling Bayesian analyses with process level
accounts? More generally, machine learning and artificial intelligence are often viewed
as a rich source of ideas for furthering the probabilistic view on cognition, but to what
extent do these disciplines focus on problems with an essentially different character?
Large samples, a focus on nonparametric inference, and little concern for cognitive
plausibility may represent a counterproductive source of inspiration (Geman et al.,
1992). These are some of the questions that need to be addressed.
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Summary and conclusion

The notion of probabilistic mind and the study on functional level rational models
has been described as the ‘the most exciting and revolutionary paradigm to hit cogni-
tive science since connectionism’ (Movellan & Nelson, 2001, p. 691). The benefits
of this approach are often presented relative to the common practices of cognitive
science, which suggest ‘a ragbag of arbitrary mechanisms, with arbitrary performance
limitations’ (Chater & Oaksford, 1999, p. 63). It points to a dichotomy between
purposive and mechanistic explanation, with the implication that one faces a choice
between an adaptationist perspective relying on rational models abstracted from
the algorithmic level, or a mechanistic one with limited prospects of informing pur-
posive explanation (Anderson, 1991b; Chater & Oaksford, 1999). Although this
dichotomy is to a certain extent an accurate reflection of current practices, is such an
explicit distinction beneficial?

The study of ecological rationality and the adaptive use of simple heuristics is an
adaptationist program, which in contrast to the proposed dichotomy, is rooted to an
algorithmic level hypothesis. Rather than using the concepts of rationality and opti-
mization to theorize about how the cognitive system might be adapted to its environ-
ment, the notion of ecological rationality addresses how good enough solutions can
be found with limited processing resources. Here, the basis on which the cognitive
system is judged to be adapted to its environment takes into account the specifics of
processing, and how the limited resources available to the cognitive system are har-
nessed to achieve adaptive cognition. In this way, the objective of understanding
adaptive cognition need not sacrifice our understanding of the realities of processing.
Can these two orientations, which clearly share deep commonalities, be aligned? We
have taken work on functional level analyses as providing a valuable insight: They
indicate that human level performance and current approaches to cognitive process-
ing and artificial intelligence do not match, in the sense that human performance sets
an extremely high standard yet to be achieved reliably by computational models.
Something beyond minor repair to existing processing metaphors may be required in
order to bring them closer.

The bias/variance dilemma is all about the inevitabilities of error, and points to a
fundamental connection between performance and ecological context. It suggests that
cognitive mechanisms must effectively reduce variance in order to address the kind of
inductive inference problems of interest to cognitive science, which typically involve
considerable degrees of accuracy despite sparse exposure to the environment. We
showed how the simple heuristic Take The Best confers function by exploiting the
connection between processing simplicity, the structure of the environment, and vari-
ance reduction. In this sense, we have sought a connection between the rational prob-
abilistic models of cognition and simple heuristics: simple heuristics offer a form of
processing model that the cognitive system could rely on in order to reduce the vari-
ance component of error. Variance will inevitably arise given the extreme implausibil-
ity of optimal rational calculation and the need to generalize despite sparse exposure
to the environment. Machine learning tends to address this problem by performing
more processing (Schapire, 1990; Breiman, 1996). We suspect that the cognitive
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system does not have this option, and instead tackles the problem by performing less
processing.

From an algorithmic perspective the mind achieves adaptive behavior to varying
degrees depending on ecological context. Rational principles are to a certain extent
required to substantiate this view, but as the centerpiece to a metaphor, or the guiding
principle of a paradigm, we believe they obscure something of the essence of cogni-
tion. As with all metaphors, one pays some kind of a price. The price one pays clearly
depends on the problem, and the kind of answers one is looking for. For us, the why
question—why the cognitive system behaves as it does, and the how question—how it
does it—should not be separated. Indeed, we would find it deeply surprising to find
that evolution had overlooked the use of simple processing solutions as way of adapt-
ing the organism to the environment using limited resources. Examining the cogni-
tive system using principles divorced from the impact of processing may, on this view,
be a heavy price to pay.
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